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Todos los gastos se tramitarán de acuerdo con el procedimiento establecido en la 
normativa de Gestión Económica de la Universidad de Granada vigente.  
 
En ningún caso se imputarán en los proyectos los siguientes gastos: 
 

x Gastos de comidas y atenciones de carácter protocolario. 
x Material de oficina y tóner. 
x Inversiones en maquinarias y bienes usados. 
x Viajes para asistencia a tribunales de tesis y en general cualesquiera otros 

gastos no relacionados con el proyecto. 
 
 
2.3 Publicidad de la subvención 
 
Con las instrucciones recogidas en este documento, se pretende garantizar una buena 
difusión e información acerca de las obligaciones y responsabilidades de los distintos 
beneficiarios de estas ayudas en relación con la financiación del FEDER. Asimismo, se  
pretende potenciar la comunicación hacia el público en general, de modo que se 
incremente su percepción del papel que juegan los fondos europeos, en concreto el 
FEDER, en su realidad cotidiana y en la mejora de su calidad de vida, para aumentar así 
el conocimiento y la afección con Europa. 
 
Además, el beneficiario debe adoptar las siguientes medidas de difusión para dar la 
adecuada publicidad al carácter público de la financiación de la actividad. 
 
En las publicaciones que deriven directamente de la actividad científica desarrollada en 
el proyecto, se hará constar en el listado de agradecimientos en primer lugar al 
organismo financiador.  
Además, en el material inventariable adquirido, los contratos, página web y demás 
resultados o actividades de difusión a los que pueda dar lugar el proyecto 
subvencionado, también deberá mencionarse a la entidad financiadora. 
 
Concretamente el texto a utilizar y que deberá figurar de forma fácilmente visible es: 
 
 
 
 
 
Además, si fuera posible,  deberán  figurar en un lugar bien visible los siguientes logos :  
  

   

Financiado por: FEDER/Junta de Andalucía-Consejería de Economía y 
Conocimiento/ Proyecto (indicar referencia). 

1 Introduction
The Lifshitz–Slyozov system [4] describes the temporal evolution of a
mixture of monomers and aggregates, where individual monomers can
attach to or detach from already existing aggregates. We define:

• The aggregate distribution 0 ≤ f (t, x) as a function of size x and
time t.

• The monomer concentration 0 ≤ u(t).

• The total mass of the system, ρ > 0.

• The kinetic rates a(x) and b(x), describing how fast do attachment
(a given monomer attaches to a given aggregate) and detachment (a
monomer detaches from a given aggregate) reactions take place.

• The relative rate Φ(x) = b(x)/a(x) and the nucleation activation
threshold Φ0 = limx→0+ b(x)/a(x).

• The nucleation rate n.

The aggregate distribution follows a transport equation with respect
to the size variable, whose transport rates are coupled to the dynam-
ics of monomers through a mass conservation relation. The initial-
boundary value problem for the Lifshitz–Slyozov model thus reads:

∂f (t, x)

∂t
+
∂[(a(x)u(t)− b(x))f (t, x)]

∂x
= 0 , t > 0 , x ∈ (0,∞) ,

u(t) +

∫ ∞
0

xf (t, x) dx = ρ , t > 0,

(1)
subject to the initial condition

f (0, x) = f in(x) , x ∈ (0,∞) (2)

and the boundary condition

lim
x→0+

(a(x)u(t)− b(x))f (t, x) = n(u(t)) , t > 0 (3)

whenever u(t) > Φ0. Up to date, most works on (1) utilize a set of
kinetic rates a(x), b(x) such that the flow is outgoing at zero size and
there is no need for such a boundary condition, see e.g. [2, 3].

Standard applications of the Lifshitz–Slyozov model (e.g. late stages
of phase transitions) do not require a boundary condition. However,
boundary effects at small sizes and nucleation phenomena become
important in biologically-oriented applications: there is a growing
literature on the use of this model to describe protein polymeriza-
tion phenomena and neurodegenerative diseases. We think that new
applications of this framework will gradually appear (e.g. models in
Oceanography), given that the boundary term can represent the syn-
thesis of new aggregates from monomers.

Therefore, we are interested in analyzing (1) when there holds that
u(0) > Φ0, that is, when we have an inflow dynamics. To the best of
our knowledge, there is no mathematical theory backing up this sce-
nario yet. Our results below can be found in [1].

The set of assumptions
We consider kinetic rates {a, b, n} that satisfy:
• 0 ≤ a, b ∈ C0([0,∞)) ∩ C1(0,∞) ,
• a′ and b′ are bounded on (1,∞) ,

• a(x) > 0 for all x > 0 and 1
a ∈ L

1(0, 1) ,

• Φ′ ∈ L1(0, 1) ,
• 0 ≤ n is locally Lipschitz on [Φ0,∞) .

We restrict the choice of initial data to
• f in ∈ L1((0,∞), (1 + x) dx) ,
• uin := ρ−

∫∞
0 xf in > Φ0 ,

so that the balance of mass in (1) makes sense at time t = 0 and the
flow has incoming character.

2 Existence of local solutions
We prove existence by a fixed point argument on u(t), through a map
G defined on {u | u : [0, T )→ [0, ρ] continuous}:

u(t) 7→ f (t, x) 7→ ũ(t) = G(u)(t) =

(
ρ−

∫ ∞
0

xf (t, x) dx

)
where f (t, x) solves the transport equation in (1) with the given u(t).

Characteristics and mild solutions
We write v(t, x) := a(x)u(t) − b(x) for the transport field and define
the associated characteristics as the maximal solutions of

dX(s; t, x)

dt
= v(s,X(s; t, x)) ,

X(t; t, x) = x,

(4)

defined on the time interval Jt,x ⊂ [0,∞). The associated Jacobian is

J(s; t, x) = exp

(
−
∫ t

s
(∂xv)(τ,X(τ ; t, x)) dτ

)
.

Due to the incoming flux, we also need to track trajectories stemming
from x = 0. We define the enter-time associated to the characteristic
curve passing through (t, x) as

σt(x) := inf Jt,x

(time at which the curve s 7→ (s,X(s; t, x)) enters phase space). Intro-
ducing the separating point

xc(t) := inf {x > 0 | σt(x) = 0}

we partition size space (0,∞) as follows:
Proposition 2.1. For each t ∈ (0, T ), the following holds:
• The map x 7→ X(t; 0, x) is an increasing C1-diffeomorphism from

(0,∞) to (xc(t),∞). Moreover, we have that limx→0+X(t; 0, x) =
xc(t).

• The map s 7→ σ−1
t (s) is a decreasing C1-diffeomorphism from (0, t)

to (0, xc(t)). Moreover, σ−1
t (s) = limx→0+X(t; s, x).

Figure 1: The size domain (0,∞) is partitioned at time t as the union of σ−1t ((0, t))
and X(t; 0, (0,∞)), according to whether the characteristics reaching a given size x
came from the boundary or the interior of the domain.

All these notions allow to represent solutions as follows:

f (t, x) = f in(X(0; t, x))J(0; t, x)1(xc(t),∞)(x)

+n(u(σt(x)))|σ′t(x)|1(0,xc(t))(x) .
(5)

Fixed point argument
The regularity of characteristic trajectories entails the continuity of the
fixed-point map G. Then Schauder’s fixed point theorem can be ap-
plied and we obtain:
Theorem 2.2 (Existence of solution). Let {a, b, n}, ρ > Φ0 and f in

satisfy our hypotheses. Then, there exists at least one weak solution
0 ≤ f ∈ C([0, T );w − L1((0,∞), (1 + x) dx)) to the Lifshitz–Slyozov
initial-boundary value problem (1)–(2)–(3). This solution is such that:
• For each T ∗ < T , f belongs to L∞((0, T ∗), L1((0,∞), dx)).
• It can be represented in terms of characteristics, cf. formula (5)

above.
Moreover, if T is taken to be maximal then either T = ∞ or T < ∞

and u(t)→ Φ0 as t→ T .

3 Uniqueness
The solution constructed in Theorem 2.2 can be shown to be unique
under some additional assumptions.
Theorem 3.1 (Uniqueness of solution). Assume that there exists x∗ > 0
such that Φ is monotone on [0, x∗). Then, for any initial data such that
f in ∈ L1((0,∞), (1 + x + x2) dx) and for all T > 0, there exists at
most one weak solution to (1)–(2)–(3) on (0, T ).

The proof of this statement is obtained by an adaptation of the tech-
nique introduced in [3]: we derive an evolution equation for quantities
of the form

F+(t, x) =

∫ ∞
x

f (t, y) dy .

Gronwall estimates allow to show uniqueness for these quantities.

4 Local and global solutions

The maximality statement in Theorem 2.2 above is optimal, in the
sense that there are examples of both global solutions and local-in-time
solutions that cannot be extended further.

Proposition 4.1. Assume Φ(x) ≥ Φ0 for all x > 0. Then, the solution
to the Lifshitz–Slyozov equation constructed in Theorem 2.2 is global,
that is T =∞.

Proposition 4.2. Assume that f in is compactly supported, that Φ is con-
vex and strictly decreasing and that there exists numbers a, a such that
0 < a < a(x) < a < ∞ for all x > 0. Then, the solution to the
Lifshitz–Slyozov equation constructed in Theorem 2.2 is not global,
that is, u reaches Φ0 in finite time.

Figure 2: A) Example of a relative rate for which solutions are global. B) Example
of a relative rate for which solutions are local.
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